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Simple geometric objects and transformations appear in representations and algorithms
of geometric facilities in computer applications such as modelling, robotics, or graphics.
Usually, these applications only support objects and transformations fully describable
by rational parameters, and a computer display of points of the objects at least implic-
itly requires points with rational coordinates. In this setting we investigate some basic
questions of the geometry of rational conic sections, when the geometry is defined by the
group of rational projective transformations, the group of rational affine transformations,
or the group of rational rigid transformations. Some results follow classical results, while
others turn out to be quite different. In particular, we obtain a complete classification
scheme for nondegenerate rational conics for rational affine geometry and a constructive
method for production of a minimal set of representatives of all equivalence classes.
c© 2000 Academic Press
1. Introduction
Geometry defines and studies invariants of objects under the action of a group of trans-
formations. Even the most primitive invariant, the geometric equivalence of two objects,
is defined by transforming one object to the other. Complexity is not needed for rich
geometric theories to arise; often simple objects and transformations suffice. For ex-
ample, classical geometries have profitably considered conic sections and rigid, affine,
or projective motions from antiquity on. In more recent times, these same objects and
transformations appear in representations and algorithms of geometric facilities in com-
puter applications such as modelling, robotics, or graphics. These applications commonly
only support objects and transformations fully describable by rational parameters, and
computer display of points of the objects at least implicitly requires points with rational
coordinates. Such assumptions clearly restrict the conics and motions of the classical
geometries, but can an interesting ‘rational’ geometry be developed that in some sense
embodies them?
To find out, let us begin by letting Γ be R2 (or R3) and assuming an arbitrary choice
of a basis for Γ has been made, which we define to be orthonormal and use to endow Γ
with a Euclidean metric and topology. A point in Γ with rational coordinates is called
a rational point or vector, and a set in Γ with a dense set of rational points is called
a rational set. A rational linear endomorphism is a linear endomorphism of Γ which is
represented in the chosen basis by a matrix with rational entries. The group formed by
the invertible rational linear endomorphisms is called the rational linear group, and its
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elements referred to as rational linear transformations or motions. The group of rational
translations is defined similarly. The composition of a rational linear transformation and
a rational translation is called a rational affine motion or transformation, and the group
of all such transformations is the group of rational affine motions. Two subsets of Γ are
said to be rational affine equivalent, denoted Q-affine equivalent, if there is a rational
affine motion mapping one set to the other. For any subset D of Γ let Aut(D) be the
subgroup of the affine group composed of the automorphisms of D, and AutQ(D) the
subgroup of Aut(D) composed of rational affine transformations. When the linear part
of the affine transformation is orthogonal, we speak of rigid motions or transformations,
and the groups of rigid and rational rigid transformations† and rational rigid equivalence,
denoted Q-rigid equivalence, are defined analogously.
By identifying the projective plane, P2, with the lines in R3 through the origin as
usual, we can define the rational points of P2 as rational lines in R3, and as before define
a rational set as one with a dense set of rational points. By identifying points in R2 with
lines passing through both the origin and also a point in {(x, y, 1) : x, y ∈ R} ⊂ R3 in the
obvious manner, we can imbed R2 in P2 as usual, so that for a point in R2 the notions of
being a rational point in R2 and in P2 coincide. The group of linear transformations of R3
acting on P2 is the group of projective transformations, and the subgroup of rational linear
transformations is the group of rational projective transformations. Equivalence with
respect to this group is called rational projective equivalence and denoted Q-projective
equivalence.
In this setting, we will investigate some basic questions of the geometry of rational conic
sections, when the geometry is defined by the group of rational rigid transformations,
the group of rational affine transformations, or the group of rational projective trans-
formations acting on Π, by which we denote hereafter R2 with the above identifications
and structures. Some results will follow classical results, while others are surprisingly
different.
Section 2 is composed of several number-theoretic results needed in the following. Sec-
tion 3 studies what being a rational conic implies and develops the principal reductions
used for the classifications of rational conics. Section 4 briefly states the rational pro-
jective classification of rational conics, which turns out to be completely analogous to
the classical projective classification of conics. Section 5 contains the principal and most
surprising results of the article, the rational affine classification of nondegenerate con-
ics. The final section discusses the classification of rational conics under rational rigid
motions.
While the degenerate cases are included mainly for completeness, several interesting
examples and existential results appear. Theorem 5.5 remains the major contribution of
the article. It yields a simple, complete classification scheme for nondegenerate rational
conics for rational affine geometry and a constructive method for production of a minimal
set of representatives of all equivalence classes. The theorem is obtained by repeated
applications of all possible aspects of a theorem of Legendre on Diophantine equations,
which tease out a subtle interplay between rational equations defining rational conics
and the existence of affine maps between the conics.
†Liebeck and Osborne (1989) and Liebeck and Osborne (1991) have previously discussed the matrices
representing the linear part of such transformations.
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2. A Theorem of Legendre
In this section we will state some results from elementary number theory which will
be used in the following. These results will play a fundamental role in Section 5 in the
rational affine classification of rational conics. For the proofs of these results we refer the
reader to Mordell (1969) and LeVeque (1977).
Definition 2.1. Let m and n be two integers. Integer m is said to be a quadratic residue
of n, if there exist an integer x such that m = x2 mod n. The integer m is said to be
a quadratic nonresidue, if such an integer x does not exist.
In the rational affine classification of rational conics, we will encounter the following
Diophantine equation
ax2 + by2 + cz2 = 0 (a, b, c ∈ Z), (2.1)
and we will need necessary and sufficient conditions that guarantee the existence of a
nontrivial solution (x, y, z) for it. The solvability of equation (2.1) is discussed in the
following theorem, due to Legendre, whose proof can be found, for example, on page 46
of Mordell (1969).
Theorem 2.2. If integers a, b, c are square-free, pairwise relatively prime and not all
of the same sign, then
ax2 + by2 + cz2 = 0
has nontrivial integer solutions, if and only if the following three conditions are satisfied:
−bc is a quadratic residue of each prime factor of a;
−ac is a quadratic residue of each prime factor of b;
−ab is a quadratic residue of each prime factor of c.
If n is an odd prime and n is not a divisor of the integer m, then the Legendre symbol(
m
n
)
is defined as: (m
n
)
=
{ 1 if m is a quadratic residue of n
−1 otherwise.
In terms of the Legendre symbol, condition
−bc is a quadratic residue of each prime factor of a
can be expressed as (−bc
k
)
= 1 for all prime factors k of a.
A short study (see, e.g. Mordell, 1969) shows that the positive integers less than n form
a cyclic group under multiplication mod n and that the Legendre symbol is a group
homomorphism from this cyclic group to {1,−1}. This fact yields the following results.
Proposition 2.3. If n is an odd integer and does not divide integers m, a and b, then,
for any integer k(
m+ kn
n
)
=
(m
n
)
;
(
ab
n
)
=
(a
n
)( b
n
)
;
(
a2
n
)
= 1.
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As we already said, Theorem 2.2 of Legendre will play a key role in this paper.
3. Rational Conics
In this section we will define and study the rational objects of the plane which will be
classified later according to the action of the groups of all rational Euclidean, rational
affine, or rational projective transformations of the plane itself.
Classically a conic is a subset of the Euclidean plane Π consisting of the solution set
of a second degree polynomial equation in two variables with real coefficients, that is, C
is a conic, if
C = {(x, y) ∈ R2 : a11x2 + a22y2 + 2a12xy + 2a13x+ 2a23y + a33 = 0}
=
(x, y) ∈ R2 : (x y 1 )
 a11 a12 a13a12 a22 a23
a13 a23 a33
xy
1
 = 0
 (3.1)
for some aij ∈ R, 1 ≤ i ≤ j ≤ 3, with a11, a12, a22 not all zero.
Let us recall that the nonempty conic C is called nondegenerate, if the matrix
A =
 a11 a12 a13a12 a22 a23
a13 a23 a33

appearing in equation (3.1) is nondegenerate. Consider
|A33| = det
(
a11 a12
a12 a22
)
.
If C is a nonempty conic, then C is called an ellipse, when |A33| > 0; C is called a
parabola, when |A33| = 0; and a hyperbola, when |A33| < 0.
A conic C is a rational conic, if the set CQ of its rational points is dense in C . For
example the circle ∆ of equation x2+y2 = 1 is a rational conic, since the set ∆Q = ∆∩Q2
can be parametrized as the set
∆Q =
{(
t2−1
t2+1 ,
2t
t2+1
)
: t ∈ Q} ∪ {(1, 0)}
and is dense in ∆. The set ∆Q consists of all rational cosine–sine pairs.
Since we have identified Π with the subset of R3 with coordinates of the form (x, y, 1)
and used this to embed Π in P2, we can think of coordinates in R3 of the form (x′, y′, t′)
with t′ 6= 0 as homogeneous coordinates for the point p ≡ (x, y), where x = x′t′ and
y = y
′
t′ . If (3.1) is a minimal degree equation defining any nonempty conic C , then C
‘extends’ naturally to a projective conic C ′ of P2 by
C ′ = {[(x′, y′, t′)] ∈ P2 : a11x′2+a22y′2+2a12x′y′+2a13x′t′+2a23y′t′+a33t′2 = 0} (3.2)
where [(x′, y′, t′)] is the point of P2 associated with the homogeneous coordinates (x′, y′, t′).
If t′ 6= 0, then [(x′, y′, t′)] ∈ C ′ implies (x′t′ , y
′
t′ ) ∈ C , that is, C ′ ∩ Π = C . A conic C ′ of
the projective plane P2 is a rational conic, if the set C ′Q of its rational points is dense in
C ′. If
A =
 a11 a12 a13a12 a22 a23
a13 a23 a33
 ∈ S(R, 3)
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is a real, symmetric, 3× 3 matrix, we will always denote by C (A) (or C if unambiguous)
the conic of the plane associated with A by (3.1) and by C ′(A) (or C ′), respectively, the
projective conic associated with A by (3.2). Since the projective conic whose equation is
t′2 = 0 is rational, one can easily prove the following.
Proposition 3.1. For any A ∈ S(R, 3), if the conic C (A) is nonempty, then it is ra-
tional, if and only if C ′(A) is rational.
The following, classical (Hilbert and Hurwitz, 1890; Eichler, 1966; Hoffman et al., 1997)
characterization of rational conics will be useful in the following.
Proposition 3.2. Let C be a conic with more than one point and let C ′ be its projective
extension. Then C ′ is rational, if and only if it contains at least two rational points and
has an equation with rational coefficients.
Let us now remark that Proposition 3.2 is sharp. For example, the conic C ′ with rational
equation
3x2 − y2 = 0
contains only one rational point, the point (0, 0). The conic C is not rational, since it
splits as
(
√
3x+ y)(
√
3x− y) = 0,
the product of two nonrational lines. On the other hand, in the nondegenerate case it is
well known that (Hilbert and Hurwitz, 1890; Eichler, 1966; Hoffman et al., 1997):
Proposition 3.3. Let C ′ be a nondegenerate conic in the projective plane. Then C ′ is
rational if, and only if, it contains at least one rational point and has an equation with
rational coefficients.
Let us remark that there exist nondegenerate, nonrational conics having a rational equa-
tion, that is (in view of Proposition 3.3) conics with a rational equation and not containing
any rational point; consider for example the conic given by
x2 + y2 = 3
(see, e.g. Gentili and O’Connor, 1991). This situation is not encountered in the case of
lines; a line having a rational equation is always a rational line. In particular, the point
at infinity of any line with a rational equation is rational. Since for any parabola with
a rational equation the intersection with the line at infinity is a rational point, we have
the following consequence of Proposition 3.3.
Corollary 3.4. Any nondegenerate parabola having a rational equation is a rational
parabola.
Corollary 3.4 does not apply to the case of degenerate parabolas. The degenerate parabola
x2 − 3 = 0 has a rational equation (and therefore contains a rational point at infinity),
but it does not contain any rational point of the plane Π.
On the other hand, a nonrational line can contain at most one rational point, and a
nonrational conic can contain at most four rational points. We can find a nonrational
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conic containing exactly n rational points, for any n = 0, 1, 2, 3, 4. In fact, the case n = 0
is quite easy (consider the conic x2 +
√
3y2 = 2), and we can state the following:
Proposition 3.5. Given n projectively independent, rational points in P2 (n = 1, 2, 3,
or 4), there exist infinitely many nonrational conics containing those n, and only those
n, rational points.
Proof. If n < 4, add 4− n nonrational points of P2, to obtain a set of four points, p1,
p2, p3, p4, with no three of them belonging to the same line. Denote by rij(x′, y′, t′) =
0, (i, j = 1, 2, 3, 4) a linear equation of the line passing through pi and pj , and consider
the one-parameter family of conics passing through the four points:
C ′v ≡ [r12(x′, y′, t′)r34(x′, y′, t′)] + v[r14(x′, y′, t′)r23(x′, y′, t′)] = 0
for v ∈ R. Suppose (x′, y′, t′) ∈ C ′v. If r14(x′, y′, t′)r23(x′, y′, t′) = 0, we have necessarily
r12(x′, y′, t′)r34(x′, y′, t′) = 0, so that (x′, y′, t′) is one of the four points p1, p2, p3, p4. If
r14(x′, y′, t′)r23(x′, y′, t′) 6= 0, then
v = −r12(x
′, y′, t′)r34(x′, y′, t′)
r14(x′, y′, t′)r23(x′, y′, t′)
.
If (x′, y′, t′) ∈ C ′v is rational and not p1, p2, p3 or p4, then v is in the field generated by
Q and the 12 coefficients of the four lines rij(x′, y′, t′) = 0, (i, j = 1, 2, 3, 4). Thus, for
any v not in this field, C ′v can contain no additional rational points.2
Now, simple rational reductions, made on equation (3.1) by means of rational affine trans-
formations, and the standard reduction techniques to pass from a general Diophantine
equation to one with square-free, pairwise relatively prime coefficients (see, e.g. O’Connor
and Gentili, 1987; Gentili and O’Connor, 1991), lead to the following:
Proposition 3.6. Any conic having a rational equation (and hence any rational conic)
can be supposed, up to a rational affine transformation of Π, to be the zero set of
b11x
2 + b22y2 + b33 = 0 (b11, b22, b33 ∈ Q) (3.3)
or
a22y
2 + c33 = 0, (3.4)
or
y2 + x = 0, (3.5)
where the coefficients of the equations are pairwise relatively prime, and square-free in-
tegers.
Since equation (3.3) is that of a nonempty, degenerate ellipse or hyperbola, if and only
if b33 = 0, we can state the following consequences of the above proposition.
Corollary 3.7. Any nondegenerate (not necessarily rational) ellipse or hyperbola hav-
ing a rational equation has a rational center.
Any nondegenerate parabola having a rational equation has rational axis and vertex.
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Corollary 3.8. Any degenerate nonempty ellipse having a rational equation consists
of a single rational point.
Any degenerate (not necessarily rational) hyperbola having a rational equation splits
into the product of two lines having rational intersection point.
Any degenerate, nonempty (not necessarily rational) parabola having a rational equa-
tion splits into the product of two parallel lines having a rational bisecting line, or is a
rational line .
4. Rational Projective Classification of Rational Conics
Thanks to Proposition 3.6, standard computations lead to the rational projective clas-
sification of rational conics, which turns out to be completely analogous to the classical
projective classification of conics. Namely:
Proposition 4.1. Any nonempty, rational conic is a single point or is Q-projective
equivalent to the zero set of one of the equations y2 = 0, (y−1)(y+1) = 0 or y2 +x = 0
according to the rank (1, 2 or 3) of a matrix associated to the conic.
5. Rational Affine Classification of Rational Conics
Proposition 3.6 and simple number-theoretic considerations show that the rational
affine classification of degenerate rational conics agrees with the standard classical result:
Proposition 5.1. Any degenerate, nonempty, rational conic is Q-affine equivalent to
the point (0, 0) or to the zero set of one of the equations (x − y)(x + y) = 0, y2 = 0 or
(y − 1)(y + 1) = 0.
The rational affine classification of nondegenerate rational conics turns out to be quite
different.
To prove that two nondegenerate rational conics C1 and C2 are Q-affine equivalent is
to prove that the set ATQ(C1,C2) of all rational affine transformations of R2 mapping
C1 onto C2 is not empty.
Proposition 3.6 shows that all nondegenerate rational parabolas areQ-affine equivalent.
Now, since an ellipse is never affinely equivalent to a hyperbola, we can restrict ourselves
to consider the case of rational ellipses and that of rational hyperbolas, separately. We
will consider first the case of rational nondegenerate ellipses.
The question is, now: if two nondegenerate rational ellipses E1 and E2 have equations
E1 : a11x2 + a22y2 − a33 = 0 (a11, a22, a33 ∈ N, a11a22a33 6= 0) (5.1)
and
E2 : b11x2 + b22y2 − b33 = 0 (b11, b22, b33 ∈ N, b11b22b33 6= 0) (5.2)
with a11, a22, a33 (and b11, b22, b33) pairwise relatively prime and square-free, under
what conditions on the coefficients of (5.1) and (5.2) is the set ATQ(E1, E2) nonempty?
As an example, let us consider the case of two rational circles ∆1 and ∆2. If, in fact,
(a, b) ∈ ∆1 and (c, d) ∈ ∆2 are rational points, then the transformation
A =
(
c −d
d c
)(
a −b
b a
)−1
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belongs to ATQ(∆1,∆2), so that ATQ(∆1,∆2) 6= ∅, and ∆1 is Q-affine equivalent to
∆2. Note that though Q-affine equivalent, ∆1 and ∆2 are not, in general, ‘rationally
homothetic’, that is, there does not exists, in general, any rational multiple of the identity
map which transforms ∆1 onto ∆2. Take, for example, x2 + y2 = 1 and x2 + y2 = 10.
Consider now the unit circle ∆ whose equation is x2 + y2 = 1. The transformations
T1 =
(√
a33/a11 0
0
√
a33/a22
)
and
T2 =
(√
b33/b11 0
0
√
b33/b22
)
belong to AT (∆, E1) and AT (∆, E2), the sets of affine transformations of R2 mapping
∆ onto C1 and C2, respectively. Now, since Aut(∆) = O(2,R), where O(2,R) denotes
the real, orthogonal group of R2, it follows that
Aut(E1) = T1 ·O(2,R) · T−11 . (5.3)
Therefore, an affine transformation M belongs to AutQ(E1), if and only if there exist u,
v in R with u2 + v2 = 1 such that
M =
(
u −v√a22/a11
v
√
a11/a22 u
)
is a rational matrix, that is u ∈ Q and v√a11a22 = q ∈ Q
Thus M is rational, if and only if
u2 + q2a11a22 − 1 = 0 (5.4)
has a rational solution. Equation (5.4) has rational coefficients and admits the rational
solution (1, 0). It follows that (5.4) is the equation of a rational conic, and hence the set
of all M belonging to AutQ(E1) can be parametrized by means of the method of lines
applied to equation (5.4). Therefore we can state:
Proposition 5.2. For any nondegenerate ellipse E1, the group AutQ(E1) has infinitely
many elements which can be parametrized in terms of the rational solutions of (5.4).
Now note that AT (E1, E2) = F · Aut(E1) for any F ∈ AT (E1, E2). For F = T2 · T−11 ,
we find by (5.3) that AT (E1, E2) = T2 ·O(2,R) · T−11 . Thus ATQ(E1, E2) is nonempty, if
and only if there exist u and v in R with u2 + v2 = 1, such that
W =
u√ b33a11b11a33 −v√ b33a22b11a33
v
√
b33a11
b22a33
u
√
b33a22
b22a33
 (5.5)
is a rational matrix.
IfW is rational, the determinant ofW is also rational, which implies that
√
a11a22b11b22
∈ N. Since a11, a22 and b11, b22 are pairs of relatively prime, square-free integers, it follows
that a11a22 = b11b22.
That this condition is also sufficient to guarantee that the matrix W is rational, so
that ATQ(E1, E2)is nonempty, implying finally that E1 and E2 are Q-affine equivalent,
is all that remains to be proven to obtain the following:
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Theorem 5.3. Let E1 and E2 be the two rational nondegenerate ellipses with equations
E1 : a11x2 + a22y2 − a33 = 0
and
E2 : b11x2 + b22y2 − b33 = 0
where a11, a22, a33—and b11, b22, b33—are pairwise relatively prime, square-free, integers.
Then E1 and E2 are Q-affine equivalent, if and only if
a11a22 = b11b22. (5.6)
Proof. Let us assume that (5.6) holds. If
s = u
√
b33a11
b11a33
and
t = v
√
b33a11
b22a33
,
then by (5.5) and (5.6)
W =
(
s −a22b11 t
t a22b22 s
)
.
Since u2 + v2 = 1, there exists a rational W , if and only if there exist rational s and t
satisfying
b11a33s
2 + b22a33t2 − a11b33 = 0,
which is equivalent to the existence of a nontrivial integer solution of the Diophantine
equation
b11x
2 + b22y2 − a11b33a33z2 = 0. (5.7)
By (5.6) we can write aii = a
(1)
ii a
(2)
ii where a
(j)
ii divides bjj for i = 1, 2 and j = 1, 2, so
that (5.7) is equivalent to
a
(2)
11
b11
a
(1)
11
x2 + a(1)11
b22
a
(2)
11
y2 − a33b33z2 = 0. (5.8)
In the last Diophantine equation, the integer coefficient a33 has no common factors with
b11 or b22, for otherwise, by (5.6), it could not be relatively prime with a11 and a22, as
it is assumed to be. An analogous argument holds for b33, and hence the three integer
coefficients of (5.8) are pairwise relatively prime. On the other hand, it may happen that
a33 and b33 have some common factor n; if this is the case we have that a33 = na′33,
b33 = nb′33, and a33b33 = n
2a′33b
′
33.
Thus, the solvability of equation (5.8) is equivalent to the solvability of
a
(2)
11
b11
a
(1)
11
x2 + a(1)11
b22
a
(2)
11
y2 − a′33b′33z2 = 0, (5.9)
where the coefficients are pairwise relatively prime, square-free integers.
Theorem 2.2 of Legendre implies that (5.9) is solvable, if and only if the three following
conditions are simultaneously satisfied:
−b11b22 is a quadratic residue of each prime factor of a′33b′33; (5.10)
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a
(1)
11
b22
a
(2)
11
a′33b
′
33 is a quadratic residue of each prime factor of a
(2)
11
b11
a
(1)
11
; (5.11)
a
(2)
11
b11
a
(1)
11
a′33b
′
33 is a quadratic residue of each prime factor of a
(1)
11
b22
a
(2)
11
. (5.12)
Since E1 and E2 are rational, Theorem 2.2 of Legendre implies:
−a11a22 is a quadratic residue of each prime factor of a33; (5.13)
a33a11 is a quadratic residue of each prime factor of a22;
a22a33 is a quadratic residue of each prime factor of a11; (5.14)
and
−b11b22 is a quadratic residue of each prime factor of b33; (5.15)
b33b11 is a quadratic residue of each prime factor of b22;
b22b33 is a quadratic residue of each prime factor of b11. (5.16)
Now (5.13), (5.15) and (5.6) imply that condition (5.10) is fulfilled. Condition (5.12) is
equivalent to the pair of conditions: a
(2)
11
b11
a
(1)
11
a′33b
′
33 is a quadratic residue of each prime factor of a
(1)
11
a
(2)
11
b11
a
(1)
11
a′33b
′
33 is a quadratic residue of each prime factor of
b22
a
(2)
11
= a(2)22 .
(5.17)
By (5.6) we have that
a
(2)
11
b11
a
(1)
11
a′33b
′
33 = a
(2)
11
b11b22
b22a
(1)
11
a′33b
′
33 = a
(2)
11
a11a22
b22a
(1)
11
a′33b
′
33 = [a
(2)
11 ]
2 a22
b22
a′33b
′
33.
Therefore, the first of the two conditions (5.17) becomes
[a(2)11 ]
2 a22
b22
a′33b
′
33 is a quadratic residue of each prime factor of a
(1)
11 . (5.18)
Now, since by (5.6)
(n2[a(2)22 ]
2)
(
[a(2)11 ]
2 a22
b22
a′33b
′
33
)
= a22b22a33b33,
and since, in terms of the Legendre symbol (see Proposition 2.3)(
(n2[a(2)22 ]
2)([a(2)11 ]
2 a22
b22
a′33b
′
33)
k
)
=
(
[a(2)11 ]
2 a22
b22
a′33b
′
33
k
)
for any prime factor k of a(1)11 , condition (5.18) is equivalent to
a22b22a33b33 is a quadratic residue of each prime factor of a
(1)
11 . (5.19)
If k is any prime factor of a(1)11 , then k is a prime factor both for a11 and for b11. Thus
Proposition 2.3, (5.14) and (5.16) imply that(
a22b22a33b33
k
)
=
(a22a33
k
)(b22b33
k
)
= 1,
and hence condition (5.19) is fulfilled. So the first of the two conditions (5.17) is fulfilled.
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Similarly (use (5.6) and multiply by n2[a(1)11 ]
2) it follows that the second of the two
conditions (5.17) holds. Therefore, condition (5.12) is fulfilled.
Condition (5.11), completely analogous to (5.12), is satisfied as well.2
As immediate consequences of Theorem 5.3 we obtain the following:
Corollary 5.4. Let E be a nondegenerate rational ellipse defined by the equation
a11x
2 + a22y2 − a33 = 0
with integer coefficients. Then E is Q-affine equivalent to the ellipse defined by the equa-
tion
x2 + py2 − 1 = 0
with integer coefficients, if and only if p is the product of all the primes which appear as
factors of a11a22 an odd number of times.
If a11 and a22 are square-free and relatively prime, p in the corollary is simply a11a22.
For the case of nondegenerate rational hyperbolas, we can proceed in a manner similar
to the case we have just considered with few changes. In the place of ∆, the unit circle at
the origin, we consider the hyperbola H given by x2 − y2 = 1, and , hence, in the place
of Aut(∆) we have
Aut(H) = O(1, 1) =
{(
u v
v u
)
: u2 − v2 = 1
}
.
The rest of the study in this case is completely analogous to the case of ellipses, and this
leads to the following:
Theorem 5.5. Let C be a nondegenerate rational conic section defined by the equation
a11x
2 + a22y2 + 2a12xy + 2a13x+ 2a23y + a33 = 0
with rational coefficients.
When a11a22 − a212 = 0, C is Q-affine equivalent to the parabola with equation
y2 + x = 0.
When a11a22 − a212 6= 0, C is Q-affine equivalent to the conic with equation
x2 + py2 − 1 = 0
with integer coefficients, if and only if |p| is the product of all the primes which appear
an odd number of times as factors in the numerator of the reduced fraction representing
|A33| and sign(p) = sign(|A33|).
Proof. If C is a parabola, nothing remains to prove. If C is an ellipse, then as discussed
in Section 3 rational translations and rational linear transformations suffice to transform
C into a conic with equation as in Corollary 5.4. The determinant |A33| is invariant under
translation and is multiplied by a rational square under rational linear transformations.
Thus, the claim for ellipses follow from Corollary 5.4. The case of hyperbolas is identical.2
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6. Rational Rigid Classification of Rational Conics
In this last section we close the article by briefly discussing Q-rigid equivalence for
rational conics. First note that Q-rigid equivalence implies Euclidean equality. Thus,
the classical results depending only on invariants of matrices defining the conics can be
employed to determine Euclidean equality. Since degenerate rational conics reduce to at
most a pair of rational lines, Q-rigid equivalence reduces to the existence of a rational
rotation between rational lines. For this case we have that two rational lines r and s in
Π of equations r : r1x+ r2y+ r3 = 0 and s : s1x+ s2y+ s3 = 0 are Q-rigid equivalent if,
and only if, (r21 + r
2
2)(s
2
1 + s
2
2) is a square in Q, as can be seen by simple calculations.
Since a rational parabola has a rational axis of symmetry, Q-rigid equivalence of ra-
tional parabolas can be determined by the same criterion used for rational lines.
Rational nondegenerate ellipses and hyperbolas are, as usual, more troublesome. De-
termination of Q-rigid equivalence here can be seen to reduce to determining the Q-rigid
equivalence of the axes of symmetry. In this case, the axes of symmetry need not be
rational, so that we cannot apply the above condition, in general. For example, if C is
the conic given by
a11x
2 + a22y2 + 2a12xy − 1 = 0,
then C has
a11 − a22 +
√
a11 + a22 − 4(a11a22 − a212)
2
x+ a12y = 0
as an axis of symmetry. To provide a more complete Q-rigid classification, and for its
own sake, it would be interesting to know more about Q-rigid equivalence of this type of
nonrational, but simple, lines.
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